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Exercise 4.1. Suppose f € L; (R"™) is a periodic function and let:

1
q= {xER”:xﬂ < 2,jzl,...,n}.
Show that for any € > 0 there exists a smooth, periodic, function f. such that

If = fell g <€

Exercise 4.2. Let u € .%/(R) be the periodic distribution v = 3_°° __ 4, and suppose

n=—oo
« 18 irrational. Let wy = % Zivzl TnaW. By considering Wy, or otherwise, show that wy
converges in .’'(R) to a constant distribution.
This is Weyl’s equidistribution theorem.

Exercise 4.3. Suppose that 2 C R" is open and bounded, let f € C2°(R"™), and suppose
0<e<1.

a) Show that fQ(|f\2 +€)2dx — 1 f17, as e — 0.

b) By considering fQ(]f|2 +e)idr = Jan (2div ) (If1* + €)% dx, or otherwise, show that
there exists a constant C, depending on €2, p but not on f, such that

1flle < CIDf -

Exercise 4.4. Let s € R.
a) Show that .7 is a dense subset of H*(R").

)

b) Find a condition on s such that ¢, € H*(R").

c¢) Show that H!(R™) is continuously embedded in H*(R"™) for s < t.
)

d) Show that the derivative D® is a bounded linear map from H***(R") into H*(R"),
where k = |a/.

e) (*) Show that the pairing (,) : H *(R") x H*(R") — C, which acts on f €
H=*(R"), g € H*(R") by

.

(2m)"

is well defined, and show that the map g — (f,g) is a bounded linear operator on
H*(R™). Deduce that H*(R™)" may be identified with H~*(R™). How does this relate
to your answer to part b)?

(19) = e | F©3(E

Please send any corrections to c.m.warnick@maths.cam.ac.uk



Exercise 4.5. a) Suppose s = § + v for some 0 < v < 1. Show that there exists a
constant Cj, , > 0 such that for all z,y € R™:

‘ez’x{ _ eiyf‘Q
LAt <Cpylz—y/*
n |£|2S ~ n,y y

b) Show that if s = § + k + v for some k € Z3¢, 0 <y < 1, then
H*(R™) C C*7(R").

Exercise 4.6. Fix s € R, and suppose that f € H*(R").

a) Show that there exists a unique v € H**4(R") which solves:

Au+4u=f.

b) Show further that there exists C' > 0 such that ||u|| gssa < C || f]l -

c¢) For what values of s does the equation hold in the sense of classical derivatives (possibly
after redefining u, f on a set of measure zero)?

Exercise 4.7. Assume s > 3 and suppose u € .(R"). Define Tu € .%(R"!) by:
Tu(z") = u(2',0), e R"L
a) Show that if & € R*~ 1

Tule) = 2= [ i€ ),

b) Deduce that:

Tu(é)

2 1 2\s
<3 ([a+ien

where § = (', &n).

a(s’,smfdfn) /R <1+d5|£|2>

¢) By changing variables in the second integral above to &, = t1/1 + |§’\2, show that
there exists a constant C(s) such that:

ITull -y ey < )l o amy -

d) Conclude that T" extends to a bounded linear operator T": H*(R") — Hsfé(]R”_l).



e) (*) Suppose v € Z(R"!) and let ¢ € C°(R) satisfy [ ¢(t)dt = v2m. Define u
through its Fourier transform by:

1+ ¢/ 1+ [¢')?

Show that there exists a constant C' > 0 such that:

a(glagn) =

lllze ey < € Mol oy g

and that Tu = v. Conclude that T': H*(R") — HS_%(R"_l) is surjective.

The following are longer-form questions designed to show how some of the concepts of
the course can be applied to solve interesting problems. They are optional, but you may
wish to attempt one or two that you find interesting.

Exercise 4.8. Suppose that A = {A1,...\,} is a basis for R". We define the lat-
tice generated by A to be A = {2?21 2jN\j 1 zj € Z}, and the the fundamental cell

qrn = {Z?:l TNzl < %} We say that u € 2'(R™) is A—periodic if: Tu =
U for all g € A.

a) Show that there exists ¢ € C2°(2qa) such that ¢ > 0 and > .\ 79 = 1. If ¢, ¢ are
two such functions and u € 2'(R™) is A—periodic, deduce

1 1
WUW] = mu

[W'] = M(w).

b) Define the dual lattice by A* := {x e R" : g -z € 27Z, Vg € A}. Show that there
exists a basis A* = {A],... A} such that AT - Ay = dj;, and A* is the lattice generated
by A*. Show that if g € A* then e, is A—periodic.

c) Show that if u € Z'(R") is A—periodic, then & = 3 \. ¢4dq for some ¢, € C satisfying
legl < K(1+|g])N for some K > 0, N € Z. Deduce that

u = Z dgTeg

geEA*
where |d,| < K(1+ |g|)" for some K >0, N € Z are given by:
dg = M(e_gu)

d) (*) A simple crystal consists of identical atoms placed at the lattice points of some
3—dimensional lattice A. An incident x-ray with wavenumber k € R? scatters from
the atom located at g € A and produces a reflected wave with wavenumber k' and
amplitude f(k, k')ei(k*kl)'g, for some smooth function f : R? x R3 — R. Assuming
that the scattered waves from different atoms may be linearly superposed, show that
there is no scattering unless k — k' € A*. This is Laue’s condition and is the basis for
x-ray crystallography.



Exercise 4.9. Suppose that  C R" is open and bounded. For u € H}(Q), define the
Dirichlet energy:

Elu] = /Q |Dul? daz.

a) Suppose that (u;)%°; is a sequence with u; € H}(Q) such that u; — u. Show that
Elu] < liminf; Efu;].

b) Consider the set
& ={Eu] :u € Hy(Q),|Jul ;2 = 1}

Let A; := inf £. Show that there exists wy € H}(Q) with ||wi|;2 = 1 and E[wi] = Ay,
and deduce A\ > 0.

c¢) Deduce that:
Ml < [ [Dufds
Q
holds for all u € H}(£2), with equality for u = wy. This is Poincaré’s inequality.
d) By considering u = wy +t¢ for t € R, ¢ € Z(Q2), or otherwise, show that w; satisfies
—Awy = A\wy,
where we understand this equation as holding in 2/(12).

e) (*) Suppose x € C°(Q2), and let v = xw;. Show that v satisfies —Av + v = f, where
we understand the equation as holding in .%/(R"), where f € L?(R™). Deduce that
v € H%(R"). By iterating this argument, deduce that w; € H(2) N C*(Q).

f) (*) By considering
& = {Blu] - u € HYQ), Jull 2 = 1, (u,w1) 2 = O},

or otherwise, show that there exists Ay > A\ and wo € H&(Q) N C>(Q) with wy # wy,
||lwa|l 2 =1 solving
—A'LUQ = )\sz.

Exercise 4.10. Let H be the completion of .(R™) with respect to the norm

1
2
fullg = ([ (100 + b o)
Rn

a) Show that H is a Hilbert space with the inner product:
(u,v) g = / (Du - Dv + |z[*wv) dz,

and show that if u € H,x € C°(Bg(0)), then xu € H}(Bgr(0)), with ||xull; <
CRx |lu|| ;7 for some constant Cr, > 0.



b)

Show that H embeds compactly into L?(R"), that is H C L*(R") and if (u,,)S% is a
bounded sequence in H then it admits a subsequence which converges in L?(R™).
[Hint: take a subsequence converging weakly in both H and L*(R"), and write u, =
UnXR+un(1—xg), where xgr € CX(Bg(0)) satisfies xr(z) =1 for |z| < R—1, where
R is to be chosen.|

If f € L?(R™), we say that u € H is a weak solution of:
—Au+ |z)u=f (1)

if
(u,v)g = (f,v)2 for all v € H. ()

Show that if u, f € .7 (R") solve (1), then u satisfies (¢). Show that for any f € L?(R"),
there exists a unique solution u € H to (¢).

Denote by Lf the unique solution u € H to (¢) for f € L?(R"). Show that the map
f + Lf is a compact, symmetric, linear operator L : L?>(R") — L?(R"). Deduce that
there exists an orthonormal basis (wy)2, for L*(R™) consisting of wy, € H satisfying:

(wg,v) g = A (wg,v) 2 for all v € H, ()
where 0 < A\ < Ao < A3 < -+, and A\, — oo.

Show that if wy, € H satisfies (b), then in fact wy € C*°(R"). Show further that wy
will also solve (b) with the same ;. Deduce that there exists an orthonormal basis
for L?(R™), consisting of smooth functions, which diagonalises the Fourier-Plancherel
transform.

(**) Show that w € H N C*°(R™) satisfies:
—Aw + |zfw = 2w
for some A € R if and only if:
w(@) = Hy, (@1) -+ Hy, (za)e 27T,

where x = (x1,...,xy), Hi(t) are the Hermite polynomials, and A = n+2k; + ... 2k,.
[Hint: treat the case n = 1 first. You may wish to look up the simple harmonic
oscillator in a textbook on quantum mechanics./

Exercise 4.11. Suppose that ug € L'(R") N L?(R™) and that u(t, ) is the solution of
the heat equation with initial data ug. Explicitly, w is given by:

ul1.0) = Gy [, 0@ e e

for ¢t > 0.

a)

Show that:
Jut, )2 < lluollpz



u(t,x) = ug * K (x)

b) Show that:

where the heat kernel is given by:

Kilw) = (4rt)5

c¢) Suppose that ug > 0. Show that u > 0, and:
Ju(t, ) g = lluoll s

Exercise 4.12. Consider the free Schréodinger equation:
{ w = iAu in (0,7) x R", (%)
u = g on {0} xR"
Suppose ug € H2(R™).
a) Show that (x) admits a unique solution u such that
u € C°([0,T7); H*(R")) N C'((0,T); L*(R™)),
whose spatial Fourier-Plancherel transform is given by:
a(t,€) = ao(§)e I
b) Show that:
[t ) g2 gny = l[wol] g2y
*c¢) For t >0, let K; € Li,. (R") be given by:
Ky(z) = (4771t)72l ei‘ﬂz,
i )

where for n odd we take the usual branch cut so that z% = e

Kf(z) = e PP Ky (2).
i) Show that Txe — Tk, in .7’ as e — 0.

ii) Show that if R(o) > 0, then:
2
/ L M L T
R ag

_— 1 2 e
€ — T+4ite
i <1+4ite> €

iii) Deduce that

For ¢ > 0 set



iv) Conclude that:
Ty, = T,

_ e
where K; = e~ lEl",

*d) Suppose that u € .#(R™). Show that for ¢t > 0:
u(t, ) —/ uo(y) Ki(z — y)dy,
and deduce that for ¢t > 0:

fu(t,2)] < —— |l
sup |u(t, z —— |4 )
a:eRQL = (amt)z ol

This type of estimate which shows us that (locally) solutions to the Schrodinger
equation decay in time is known as a dispersive estimate.



